An immerse boundary method with both virtual force and heat source is developed here to solve Navier-Stokes and the associated energy transport equations to study some thermal flow problems caused by a moving rigid solid object within. The key point of this novel numerical method is that the solid object, stationary or moving, is first treated as fluid governed by Navier-Stokes equations for velocity and pressure, and by energy transport equation for temperature in every time step. An additional virtual force term is then compensated to the right hand side of momentum equations at the solid object region to make it acting mechanically like a solid rigid body immersed in fluid exactly. Likewise, an additional virtual heat source term is applied to the right hand side of energy equation at the solid object region to maintain the solid object at prescribed temperature all the time. The current method was validated by some benchmark forced and natural convection problems such as a uniform flow past a heated circular cylinder, and a heated circular cylinder inside a square enclosure. We further demonstrated this method by studying a mixed convection problem involving a heated circular cylinder moving inside a square enclosure. Our current method avoids the otherwise requested dynamic grid generation in traditional method and shows great efficiency in the computation of thermal and flow fields caused by fluid-structure inter- * Corresponding Author.
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Introduction
Interactions between fluid and structures are frequently encountered in many engineering applications such as heat exchanger, stirring reactors, ship hydrodynamics, off-shore and harbor structures etc. In general, fluid-structure interaction problems and multiphysics problems are often too complex or even impossible to solve analytically, so they have to be analyzed by means of experiments or numerical simulations (CFD).
Computational fluid dynamics has been undergoing significant expansion as the result of rapid development of computing technology. In accordance with it, tremendous efforts have been contributed to make new innovation in CFD area. It is well known that computational fluid dynamics is an attractive tool to solve fluid-structure interaction problems due to its convenience for altering model parameters. CFD is now a sophisticated and powerful analysis technique which encompass a wide range of industrial and non-industrial application areas.
In terms of computational fluid dynamics, when the complex immersed object moves, the problem poses some difficulties, i.e. how to treat a complex and moving object as well as to get accurate and efficient computation. The common method to simulate the flow with a complex boundary is the conventional body-fitted. Regarding a moving object, the Arbitrary Lagrangian Eulerian (ALE) numerical approach is a method to accommodate the complicated fluid-structure interface. In the Eulerian methods using a static coordinate frame, the fluid flows through the static computational mesh. On the other hand, in the Lagrangian methods, the mesh moves with the fluid. There is no mass flux among computational cells. Arbitrary Lagrangian-Eulerian (ALE) methods introduced in [1] appear to be a reasonable compromise between Lagrangian and Eulerian approaches, allowing the solution of a large variety of fluid problems. The ALE method consists of several Lagrangian computational time steps followed by a mesh rezoning and a conservative quantities remapping. The mesh rezoning step smooths the Lagrangian computational mesh and avoids its distortion. During the remapping step the conservative quantities are conservatively remapped from the old Lagrangian mesh to the new smooth one. After remapping the Lagrangian computation continues until the next rezone/remap steps which introduce the Eulerian flavor into the method allowing mass flux between computational cells. The rezone/remap steps keep the quality of the moving mesh good enough during the whole computation and are performed either regularly after fixed amount of Lagrangian time steps or when mesh quality deteriorates under some threshold. Many scholars have described ALE strategies to optimize accuracy, robustness, or computational efficiency (see for example [2] [3] [4] [5] [6] ). Nevertheless, mesh updating or re-meshing processes can be computationally expensive for the ALE algorithm.
In particular, the immersed boundary method has been getting popular in the last few years since it was introduced by Peskin [7] due to its capability to handle simulations for moving complex boundary with lower computational cost and memory requirements than the body-fitted method. In this method, a fixed Cartesian grid and a Lagrangian grid are employed for fluid and immersed object, respectively. The interaction between the fluid and the immersed boundary is linked through the spreading of the singular force from the Lagrangian grid to the Cartesian grid and the interpolation of the velocity from the Cartesian grid to the Lagrangian grid using a discrete Dirac delta function. Furthermore, some modifications and improvements of this method have been proposed by other researchers [8] [9] [10] [11] . This method can be categorized as continuous forcing method wherein a forcing term is added to the continuous Navier-Stokes equations before they are discretized.
Instead of using a delta function to distribute force from the Lagrangian grid to the Cartesian grid, Yusouf [12] introduced a new immersed boundary method, namely the direct-forcing method. This method uses a forcing term determined by the difference between the interpolated velocities on the boundary points and the desired boundary velocities. This method is also known as a discrete forcing method since the forcing is either explicitly or implicitly applied to the discretized Navier-Stokes equations. The idea of the direct-forcing method has been used and developed successfully in some applications [13] [14] [15] [16] .
Fadlun et al. [14] developed combined immersed boundary finite difference methods for three dimensional complex flow simulations. Some cases including the flow inside an IC piston/cylinder assembly at high Reynolds number were simulated successfully. The major issue of their work is the interpolation of the forcing over the grid that determines the accuracy of the scheme. They implemented three different procedures i.e. no interpolation or stepwise geometry, volume fraction weighting and velocity interpolation.
They calculated the effect of those procedures on the accuracy of the scheme and found that the last procedure which has a second order accuracy gave the best results.
Pertinent to heat transfer problem, Paravento et al. [17] 
where x c (t) and y c (t) are the x and y coordinate of the cylinder center at particular time t, respectively, and R is the radius of the cylinder. Furthermore, the cells number Finally we simulated some problems including moving body cases to demonstrate the capability of the present method in handling fluid-solid interaction with heat transfer.
Numerical methods

The governing equations
The continuity, momentum and energy equations for an incompressible Newtonian fluid are written using the following assumptions:
1. there is no viscous dissipation 2. the gravity acts in the vertical direction 3. fluid properties are constant and fluid density variations are neglected except in the buoyancy term (the Boussinesq approximation)
4. radiation heat exchange is negligible.
We use the modified non-dimensional governing equations as follow,
To deal with a conjugate heat transfer problem, we use η to differentiate the calculation between solid and fluid parts. The parameters P 1 , P 2 , P 3 and P 4 are defined according to the scaling of Eqs. (2)- (4) and depend on the problem under analysis as described below.
F orced and mixed convection
We non-dimensionalize length with L, velocity with U , time with L/U and pressure with Thence we have P 1 = Pr, P 2 = RaPr, P 3 = 1 and P 4 = α s = α/LU , where Ra = GrPr is the Rayleigh number.
The virtual force term, f, in Equation (3) represents the action of a solid upon a fluid.
It is defined as the rate of momentum changes of a solid body which is proportional the difference between the solid velocity at the (m + 1) th time step and the fluid velocity at the m th time step. This force exists on the solid body and zero elsewhere which reveals the existence of a force to hold or drive a solid body when it is stationary or moving.
Furthermore, it can be simply written as
where u s is the prescribed velocity of a solid body. We use a staggered grid arrangement.
That is, the pressure and the temperature are located at the center of the cell while the velocities are placed at the faces of the cell. Note that u in Equation (5) is the velocity at the center of the cell which is interpolated from its faces.
Numerical procedures
We use three and two-step time-split schemes to advance the flow and thermal fields, 
where S and H are the advection and diffusion terms of the momentum and the energy equations which are discretized using the second-order upwind and central difference schemes, respectively. We used the second-order Adam-Bashford method for the temporal discretization of those equations in such away that term S and H can be rewritten
and
This intermediate velocity field, in general, does not satisfy the divergence-free condition (2) . At the second step we advance the first intermediate velocity by including the pressure term
Applying the divergence on both sides, Eq. (10) becomes
Due to conservation of mass, we have
Then substituting Eq. (12) to (11) gives the Poisson equation
Once Eq. (13) 
Similarly, we get the new temperature at the (m + 1) th time level by imposing the calculation of conduction of solid body
The thermal boundary conditions on a solid surface are θ = 1 and θ = 0 for hot and cold surface, respectively [20] . Once the velocity and temperature fields are obtained, the local Nusselt number on the solid surface is evaluated using the following expressions
Afterward, surface-average Nusselt number becomes
where n is the normal direction with respect to the walls and W is the total surface area of walls.
Instead of using the integration method over solid surface to calculate total heat transfer over the body surface, especially for the case of a moving object, it is more convenient to transform it into a volume integral over the body volume in such a way
where ∀ and N are volume of the i th cell and total number of cells, respectively. Similarly, the forces acting on the immersed body can be calculated as
Finally, a whole numerical procedure for each time step of the proposed method is given below:
1. Detect the location of boundary cells and determine η.
Calculate the first intermediate velocity and temperature (Eqs. 6 and 7).
3. Solve the Poisson equation (Eq. 13) and advance the intermediate velocity (Eq. 10).
4. Calculate the virtual force (Eq. 5) and update velocity using the calculated virtual force (Eq. 14).
5. Update temperature by imposing calculated heat conduction on solid part (Eq. 15).
Validation and numerical results
Forced convection over a heated circular cylinder with an isothermal surface
We simulated forced convection over a heated circular cylinder placed in an unbounded uniform flow. The geometric set up in the computational domain and the associate physical boundary conditions are shown in Fig. 2 . Direchlet boundary condition i.e. uniform velocity profile is applied at inlet and Neumann boundary conditions are applied at lateral and outlet sides. The incoming fluids are cold (θ = 0) whereas the cylinder is considered as a heated body with an isothermal surface (θ = 1). A nonuniform grid (220 × 180) is adopted to discretize the computational domain, with a uniform grid (50 × 50) is employed to cover the cylinder.
Simulations have been conducted for different Reynolds numbers based on the cylinder diameter and the free stream velocity. Streamlines, vorticity contours and isotherm contours for simulation at Re = 40 and Re = 100 are shown in Figures 3 and 4 , respectively. It is well known that at low Re, the flow pattern remains symmetric with a pair of stationary recirculating vortices behind the cylinder (Fig. 3) . Increasing Re leads to instability of flow structures, so a pair of symmetrical vortices behind cylinder breaks down and the vortex starts to shed up and down alternatively (Fig. 4) . This shedding frequency can be revealed as a dimensionless frequency, namely Strouhal number.
The recirculation length (x r ), drag coefficient (C D ), Strouhal number (St) and Nusselt number (Nu) are compared with some previous works and presented in Table 1 . In general, all results obtained by the established model show good agreements with those previous studies.
Since the present method is developed for a conjugate heat transfer problem also, we further consider another case of a flow over unbounded circular cylinder. The geometry for this case is the same as shown in Fig. 2 . The incoming fluids are hot and the cylinder is cold initially. The cylinder surface is gradually heated by hot fluids. Heat from fluids conducts towards the cylinder core. Due to the impinging effect of the incoming hot fluid, the thermal field in the cylinder upstream is higher than the downstream one.
We plot the isotherm contours at different time step in Fig 5. However, when time goes to infinity the whole cylinder will be in thermal equilibrium with its surrounding.
Natural convection in a square enclosure with a heated circular cylinder
We performed simulation of natural convection in a square enclosure with a heated circular cylinder placed at its center. The system consists of a square enclosure with sides of length L whereas the diameter of the cylinder is D = 0.2L. The walls of the square enclosure are kept at a constant low temperature of θ C while the cylinder is kept at constant high temperature of θ H . We define L, θ C and θ H as the characteristic length, the reference temperature and the wall temperature, respectively. The computational domain as well as the boundary conditions is shown in Fig. 6 . A uniform grid distribution of (201 × 201) along horizontal (x) and vertical (y) directions is employed.
The isotherm and streamline contours for simulations at Ra = 10 To further validate the proposed method, we also performed simulations for natural convection over a heated cylinder placed eccentrically inside a square enclosure.
The cylinder has a diameter D = 0.2L, with its center being located at (x, y) = (−0.15L, −0.15L) as measured from the center of the enclosure. This case is common and has been studied by some other scholars. The isotherm and streamline contours at different Ra are presented in Fig. 8 whereas the comparison of the average Nusselt number with some previous works is given in Table 3 . The comparisons for both concentric (Table 2 ) and eccentric case (Table 3) have shown good agreements between the present method and some previous studies.
Mixed convection in a square enclosure with a moving heated circular cylinder
To further demonstrate ability the present method in handling fluid-solid interaction with a moving object, we performed simulation of mixed-convection in a square enclosure with a moving heated circular cylinder placed at its center. The cylinder has a diameter D = 0.2L, where L is the length of the square enclosure, and is oscillating horizontally with amplitude the A = 0.5D and the non-dimensional oscillating frequency = 1 as shown in Fig. 9 . The instantaneous displacement of the cylinder d from its mean position is given by d = A sin( t). We simulated the problem till it reaches a periodic condition and take the instantaneous streamline and isotherm contours during a period as shown in Fig. 10 . Note that fluid and thermodynamic properties in this case are as same as the case of natural convection at Ra = 10 6 .
In mixed convection, both natural and forced convection participate in the heat transfer process. The forced flow can be either in the same direction (assisting mixed convection) or in the opposing direction (opposing mixed convection) to the flow caused by buoyancy. The natural convection causes a vertical plume. Moving the cylinder up and down plays both natural and forced convection in an interactive way. Furthermore, we consider this problem as a part of our simulations. The problem has the same geom-etry and boundary conditions with the case in Fig. 9 . The hot cylinder moves up and down to create assisting and opposing mixed convection inside the enclosure. The instantaneous isotherm, streamline and vorticity contours during a period are presented in Fig. 11 . In the case of horizontally moving cylinder (Fig. 10) , two main eddies occupy the entire enclosure while convective cells are shedding at the downstream of the moving cylinder. This condition is repeated periodically in the opposite sense at each half of period. On the other hand, for the case of a vertically moving cylinder (Fig. 11) , twin co-rotating eddies are formed when the cylinder moves down during the opposing mixed convection process. Hence, the periodic isotherm, streamline and vorticity contours are not presented during a complete period.
Starting from the horizontal and vertical motion of the cylinder, we extended our simulation by combining those motions i.e. the cylinder moving in a counter-clockwise circle orbit with its center located at the center of cavity and radius of r. Such a movement stirs the flow inside the cavity in a more complicated way and may further cause more complicated patterns in natural and forced convection. The description of this problem is given in Fig. 12 . The isotherm, streamline and vorticity contours during a period for r = R are given in Fig. 13 . Together with the previous cases, we show the time histories of Nu for those cases and presented them in Fig, 14 . We tabulated the calculation of Nu in Table 4 . When the amplitude is very small e.g. A = 0.005D, the cylinder acts as a vibrating object. For all the cases in Table 4 we observe that the highest Nu is found at the smallest amplitude, A = 0.005D. On the other hand, smaller oscillating frequencies offer higher Nu due to slower motion of the cylinder which spends more time for convective cells spreading heat before the cylinder comes back to this region. Note that all those cases are compared to natural convection at Ra = 10 6 for the same fluid and thermodynamic properties which the flow is more dominated by natural convection than by force convection. Hence, the motion of cylinder does not offer significant any effect to increase heat transfer between the hot cylinder and the fluid.
Conclusions
In the present study, we developed an immersed boundary technique to solve fluid- 
